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$(M, g),$ (N, $\tilde{g}$) $\phi$ : $Marrow N$ $\tau(\phi)$
$\phi$ $M$ $\Omega$ biener $E_{2}(\phi;\Omega)$
([16])
$E_{2}( \phi;\Omega)=\int_{\Omega}\tilde{g}(7(, \tau(\phi))dv_{g}$ ,
$dv_{g}$ $M$
$\Omega\subset M$ $\phi$ E2 $($ \phi ; $\Omega)$












Theorem 1([11]) $E^{3}$ bihamonic
proper biharmonic
Chen
Conjecture 2 $E^{n}$ b armonic
( )
$E^{\mathrm{n}}$ biharmonic $E^{4}$ biharmonic
$E^{n}$ $H^{n}$ proper biharmonic
Caddeo, Montaldo, Oniciuc biharmonic
3 proper biharmonic $E^{n}$ proper
biharmonic
Theorem 3([7]) $S^{n}$(y proper biharmonic
$(i)( \frac{\cos at}{\sqrt{2}}, \frac{\sin at}{\sqrt{2}}, \frac{\cos bt}{\sqrt{2}}, \frac{\sin bt}{\sqrt{2}}, 0, \cdot\cdot. , 0)$, $a^{2}\neq b^{2}$ ,
00 $( \frac{\cos\sqrt{2}t}{\sqrt{2}}, \frac{\sin\sqrt{2}t}{\sqrt{2}}, \frac{1}{\sqrt{2}},0, \cdots, 0)$ ,
Theorem 4 ([6]) $S^{3}(1)$ ptoper bihamonic $S^{2}(_{E^{1}2})$
$S^{n}(n>3)$ proper biharmonic
Proposition 5([6]) $f$ : $M^{m} arrow S^{n-1}(\frac{1}{\sqrt{2}})$ $i$ : $S^{n-1}(_{\ovalbox{\tt\small REJECT}_{2}^{1}})arrow$
$S^{n}$ (1) totally umbilical ,. $i\circ f$ proper bihamonic
Proposition 6([1]) $g_{1}$ : $M^{m}arrow S^{p-1}$ (1) $g_{2}$ : $N^{n}arrow S^{q-1}(1)$
. $g_{1}\otimes g_{2}$ : $M^{m}\cross N^{n}arrow S^{pq-1}$ (1) biharmonic
$g_{1}$ $g_{2}$ biharmonic .
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3 biharmonic








3 proper biharmonic Legendre proper bi-
harmonic anti-invariant
Theorem 7([19]) $\gamma$ $\epsilon$ $\tilde{M}^{3}(\epsilon)$ proper bihar-
monic L endre $\epsilon>1$ . $\gamma$ $\sqrt{\epsilon-1}\text{ }$ 1 hel
$\tilde{M}^{3}(\epsilon)$




proper biharmonic Legen $\mathrm{e}$ 3 proper biharmonic anti-invariant
3
proper





$h( \partial_{x}, \partial_{x})=\frac{\epsilon-1}{\alpha}\phi\partial_{x}$ , $h( \partial_{x}, \partial_{y})=(\alpha-\frac{\epsilon-1}{\alpha})\phi\partial_{y}$ ,
h(Q $\partial_{y}$) $=( \alpha-\frac{\epsilon-1}{\alpha})\phi\partial_{x}$ ,
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Corollary 10 ([30]) $f$ : $Marrow S^{5}(1)\subset \mathrm{C}^{3}$ proper bihamonic Legendre
$f$





$f_{1}(x,y)= \frac{1}{\sqrt{2}}$ (e”, 0, 0), $f_{2}(x,y)= \frac{1}{\sqrt{2}}(0, ie^{-ix}\sin\sqrt{2}y,ie^{-1x}.\cos\sqrt{2}y)$
$f$ $f=$ $f_{2}$ $f_{1},f_{2}$ $\Delta_{M}f1=f1$ ,
$\Delta_{M}f_{2}=3f$2
$\Delta_{M}$ $M$
$f=$ $f_{2},$ $\Delta_{M}f_{1}=\lambda_{1}f1,\Delta_{M}f_{2}=\lambda_{2}f_{2}$ ( $\lambda_{1}\neq\lambda_{2}$ )
2-type
$S^{m}$ (1) $E^{m+1}$ $f$ $\Delta_{M}f$ =2f (
) 10 $f$
” ”
$g_{1}(x)=$ ($\cos x,\mathrm{s}$ inx), $g_{2}(y)= \frac{1}{\sqrt{2}}(1, \sin\sqrt{2}y, \cos\sqrt{2}y)$ | bihar-
monic ( 3) 10 $f$ $f$ (x} $y$ ) $=g_{1}\otimes g_{2}\text{ }$ tensor
Theorem 11 ([1]) $M$3 $\tilde{M}^{5}(\epsilon)$ proper biharmonic anti-invariant submanifold






$h( \partial_{x}, \partial_{x})=\frac{7(\epsilon-1)}{12\alpha}\phi\partial_{x}$, $h( \partial_{y}, \partial_{y})=(3\alpha-\frac{7(\epsilon-1)}{12\alpha})\phi\partial_{x}$ , $h(\partial_{z}, \partial_{z})=0$ ,






$(V, g)$ $\tilde{M}^{5}(\epsilon)$ anti-invariant {
(ii) ( $\tilde{M}^{5}(\epsilon)$ )
proper biharmonic
Corollary 12 ([1]) $f$ : $M^{3}arrow S^{5}(1)\subset \mathrm{C}^{3}$ proper bihamonic anti-invariant
$M^{3}$ $\mathrm{C}^{3}$
$f(x, y, z)= \frac{1}{\sqrt{2}}(e\sim ie^{-ix}\sin\sqrt{2}y, ie^{-ix}\cos\sqrt{2}y)e^{iz}$ . (3.1)
10 ( ) $2- \mathrm{t}\mathfrak{M}\mathrm{e}$





$H$ Legendre $F( \phi\frac{H}{||H||})$
2 2 2
$F( \phi\frac{H}{||H||})$ proper bi-
harmonic
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Theorem 14 ([31]) $f$ : $M^{n}arrow\tilde{M}^{2n+1}(\epsilon)$ proper biharmonic Legendoe
$D$ $\xi$ Reeb $DH||\xi$
$f$
$( \epsilon+3)||H||^{2}vol(M)+3n(\epsilon-1)\int_{M}F(\phi\frac{H}{||H||})dv_{g}>0.$
Corollary 15 ([31]) proper bihamonic Legendoe
$R$




$R(X, \mathrm{Y})\xi=(\kappa I+\mu h)(\eta(\mathrm{Y})X-\eta(X)\mathrm{Y})$ ,
2 $\xi$ $\kappa,$ $\mu$
$(\kappa, \mu)$ $M($ \kappa , $\mu)$
$SU$(2),
$SL(2, R)$ , $E$(2), $E(1,1)$
$R$
( $\mathrm{D}$-homothetic deformation) $\mathrm{A}\mathrm{a}$
$M($ \kappa , $\mu)$ 5 $\kappa,$ $\mu$ 3
$\kappa,$ $\mu$
$(\kappa, \mu)$ ([22])




7,8 3 $(\kappa, \mu)$
Proposition 16 ([2]) $\gamma$ : $Iarrow M^{3}(\kappa, \mu)$ Lqendoe . $\gamma$
biharmonic $\gamma$ $\alpha^{2}+\tau^{2}=\frac{1}{2}(\gamma^{*}S-4\gamma^{*}\kappa)$
helix $\alpha,$ $\tau$ $S$ $M^{3}(\kappa, \mu)$
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Corollary 17 ([2]) $S\leq 4\kappa$ 3 $(\kappa, \mu)$ proper bihar-
monic Legendre
Theorem 18 ([2]) $f$ : $M^{2}arrow N^{3}(\kappa, \mu)$ anti-inva ant
$f$ b armonic 2
$(a) \frac{1}{4}(f^{*}S-6)$ ,
$(b) \frac{1}{4}(f^{*}S-4f^{*}\kappa-f^{*}\mu)$ .
Corollary 19 ([2]) $S\leq{\rm Min}\{6,4\kappa+\mu\}$ 3 $(\kappa, \mu)$
proper bihamonic anti-invariant
$(\kappa, \mu)$ proper biharmonic Legendre proper biharmonic anti-
invariant
Exaenples:
$N^{3}=$ {(x1, $x_{2},$ $x_{3})\in R^{3}|x_{3}\neq 0$ } 3
el=–\partial xl’ e2=-2x2x3–\partial x1 $+$ –$2x_{1}x_{3}^{3} \frac{\partial}{\partial \mathrm{x}_{2}}-\frac{1}{x_{3}^{2}}\frac{\partial}{\partial x_{3}}$ , e3=–x13–\partial x2
$e_{1}$ Reeb
$\kappa=1-\frac{1}{x}\mathrm{r}$ ,$\mu=2(1-x_{3}\pi^{1}3)$ $(\kappa, \mu)$
$S=2(-1+ \frac{2}{x_{3}^{2}}-\frac{1}{x_{3}^{4}}+\frac{3}{x_{3}^{6}})$ .
$\gamma=\{(x_{1}, x_{2}, x_{3})\in R^{3}|x_{3}=s_{2}x_{1}=\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}\}_{\text{ }}M^{2}=\{(x_{1}, x_{2},x_{3})\in R^{3}|x_{3}=t\}$
$s$
$4s^{6}-4s^{4}-1=0$ ,
$8t^{6}-$ 6t4-2t2-3 $=0$ .
$\gamma$ proper biharmonic Legendre $M^{2}$ { (b)
proper biharmonic anti-invariant
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